Using height functions of the nonlinear term on some bounded sets and considering integrations of these height functions, we obtain the existence of positive solutions for a class of singular fractional differential equations with infinite-point boundary value conditions.
Introduction
In this paper, we investigate the existence of positive solutions of the following singular fractional differential equations with infinite-point boundary value conditions: In [] , the authors investigated the existence of a positive solution for the following fractional boundary value problem in a Banach space E:
In [] , the authors obtained the existence and multiplicity of positive solutions of the following infinite-point fractional differential equations:
In [] , the author obtained the existence and multiplicity of positive solutions of the following fractional differential equation with infinite-point boundary value conditions:
Motivated by the works mentioned, in this paper, we consider the boundary value problem (.) with more general and more complex boundary conditions. The existence of positive solutions for (.) is obtained by means of cone expansion and the compression fixed point theorem.
In order to establish the results, we assume that the following conditions are satisfied:
, and q does not vanish identically on any subinterval of (, ).
(A  ) For any positive numbers r  < r  , there exists a continuous function p r  ,r  :
The rest of this paper is organized as follows. In Section , we introduce some preliminaries and relevant lemmas. In Section , we apply the fixed-point theorem to study the existence of positive solutions for the boundary value problem (.). In Section , we give some examples to illustrate our main results.
Preliminaries and relevant lemmas
For the convenience of the readers, we first present some useful definitions and fundamental facts of fractional calculus theory. In order to avoid redundancy, for the definitions of the Riemann-Liouville fractional integral and fractional derivative, we refer the readers to [] .
Lemma . ([]) Let α > , and u(t) be an integrable function. Then
where c i ∈ R (i = , , . . . , n), and n is the smallest integer greater than or equal to α.
Lemma . Given y ∈ C[, ], the unique solution of the problem
is given by
where
Proof By Lemma . we can see that
so, the solution of (.) is
In addition,
where n = [β] + . Combining this with the second boundary value condition of (.), we have
This yields
Therefore, the solution of (.) is
The proof is completed.
It is easy to see that if
l(s) is continuous on [, ], then G(t, s) is continuous on [, ] × [, ].
Lemma . The function l(s) is positive and nondecreasing on [, ].
Proof By the definition of l(s) it follows that
By computation we have that
So, l is nondecreasing on [, ], and l(s)
Lemma . The function G(t, s) defined in (.) admits the following properties: () G(t, s) > ,

∂ ∂t
G(t, s) > ,  < t, s < ; () max t∈[,] G(t, s) = G(, s)
Proof The proof is similar to that of Lemma  in [] .
The following lemma is the main tool in this paper.
Lemma . ([]) Let E be a real Banach space, and P ⊂ E be a cone. Assume that  and
 are bounded open subsets of E with θ ∈  ,  ⊂  , and T : P ∩ (  \  ) → P is a completely continuous operator such that either:
Then T has a fixed point in P ∩ (  \  ).
Let E = C[, ], so that E is a Banach space with norm x = max t∈[,] |x(t)|.
Denote (r) = {x ∈ P : x < r} and ∂ (r) = {x ∈ P : x = r} for r > . 
G(t, s)q(s)f s, x(s) ds
≤   G(, s)q(s)f s, x(s) ds, t ∈ [, ], (.)
By (.) and (.) we know that
which means that T : (r  )\ (r  ) → P.
Noticing the continuity of G(t, s) and (A  )-(A  )
, it is easy to see that T is continuous in (r  )\ (r  ). Next, we show T is compact. For any x ∈ (r  )\ (r  ), we have
. Thus, for any > , there exists δ >  such that
We can see that the functions in T( (r  )\ (r  )) are equicontinuous. So, T( (r  )\ (r  )) is relatively compact in C[, ]. Thereby, T is compact in (r  )\ (r  ), and thus T :
(r  )\ (r  ) → P is completely continuous.
Main result
We introduce the following height functions to control the growth of the nonlinear term Proof Without loss of generality, we only prove (B  ).
By (.) and Lemma . we have that
By (.) and Lemma . we have that
By Lemma ., T has a fixed point x * ∈ (b)\ (a). From Section  we know that x * is a solution of (.) and a ≤ x
From Lemma . we have that
which shows that x * is a strictly increasing positive solution. The proof is completed.
Examples
Example . Consider the boundary value problem 
